
CLINICALSCIENCES

The effect of a stenosis on the reduction of total
blood flow in an artery was first investigated by Mann
et al. (1) as early as 1938. Working with dogs, they noted
that the diameter of a carotid artery had to be reduced
by more than 40% before any noticeable reduction in
blood flow occurred. They also found that a 70% re
duction in diameter was necessary before the blood flow
was reduced by 50%. Subsequently, Shipley and Gregg
(2) verifiedtheforegoingfindingsin arteriesof anes
thetized dogs. They emphasized Poiseuille's law, which
describes the flow through small tubes as being related
to the reciprocal of the fourth power of the lumen di
ameter of the tube. Several other reports (3â€”7)subse
quently described the effect of a stenosis on blood flow
and pressure drop in intact animal models.

The mathematical relation between dimensions of the
stenosis, coronary blood flow, and the pressure drop
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across the stenosis has been derived by Young et al. (8),
Brown et al. (9), and Kirkeeide (10), and was experi
mentally validated by Gould (4). From these hemody
namic equations it is possible to predict the flow and
pressure gradient characterizing the severity of a stenosis
if the proximal normal diameter of the artery, the ste
nosis diameter, and the length and percent narrowing of
the stenosis are measured accurately. This information
is important clinically for assessing the coronary flow and
flow reserve, as proposed by Gould et al. (5), in the re
gion of the heart supplied by that artery.

The only current method for accurately measuring the
dimensions of a stenosis is by quantitative arteriography
(9), which requirescardiac catheterization, extremely
high-quality angiograms, and sophisticated analytical
techniques requiring specialized digitizing and computer
hardware besides software not commercially available.
Thus this technique is not used commonly and is not
suitable for detecting mild coronary stenosis in asymp
tomatic patients for early diagnosis and treatment of the
diseasebecausesuchpatientsdo not undergocardiac
catheterization.
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Nuclear cardiology, particularly thallium perfusion
imaging under exercise (11), has been used extensively
for noninvasively assessing the adequacy of myocardial
perfusion as a means of identifying coronary stenoses.
Whereas this technique has been of some value in de
tecting severe stenosis (>80%), its sensitivity and spec
ificity in detecting disease in asymptomatic individuals
is quite low (12), due to the noisy images obtained
(13,14).

Positron emission tomography (PET) (15), on the
other hand, provides a noninvasive quantitative mea
surement of regional myocardial perfusion (16), and
with an appropriate design of the positron camera, it can
also produce information on the size or anatomic extent
of the perfusion defect, i.e., the volume of the myocar
dium affected. Thus PET produces a visually apparent
quantitative measure of altered myocardial perfusion
causedbya coronarystenosis.Althoughsuchinforma
tion is very useful for the diagnosis of myocardial
ischemia or detection ofcoronary artery disease, it would
be ofeven greater value ifthe severity ofa stenosis could
be quantified by perfusion imaging with enough accu
racy so that progression or regression of the lesion could
be determined noninvasively.

In this paper, a mathematical model is derived to re
late quantitative myocardial perfusion and the size of a
perfusion defect, as measured by positron tomography,
to the anatomicdimensionsthat describeseverityof
stenosisâ€”i.e.,normal proximal diameter of the coronary
artery, actual stenosis diameter, percent narrowing, and

its length. Since most stenoses are irregular in shape and
size, the derivation of the hemodynamic pressure-flow
relationship can become quite complicated, as demon
stratedbySeeleyet al. (17) and Brownet al. (9). Our
derivation will therefore consider an idealized stenosis
with uniform effective diameter and length. The effective
diameter is then defined as the functionally equivalent
uniform diameter of a real stenosis that would produce
a similar pressure-flow relationship. The dimensions of
the stenosis are therefore presented in terms of a func
tionally equivalent stenosis (FES) with uniform cylin
drical geometry.

In order to simplify the mathematical relationship
between coronary flow and myocardial perfusion, some
reasonable simplifications and assumptions are made
about the hemodynamics of the coronary circulation.
These assumptions are based on the known physiological
characteristics of the coronary circulation, and are jus
tified in the Appendix. The assumptions made in the
derivation of the model are as follows:

1. Myocardial perfusion, as measured by PET, is
homogenous within given regions of the heartâ€”i.e., in
regions having normal arterial supply and in others
supplied by a stenotic coronary artery, where the level
of perfusion in the poststenotic area may be less than
normal. Therefore, regional perfusion pressure and re

gional perfusion resistances are also considered ho
mogenous within the different regions of the myocar
dium.

2. The pressure drop along a coronary artery is caused
primarily by the resistances to flow through the stenosis
and the vascular bed. Therefore, the pressure drop due
to resistance along the length of a major coronary artery
can be considered negligible compared with that across
a stenosis and in the distal coronary vascular bed.

3. The regionalperfusionresistanceof the distal
coronary vascular bed will reach a minimum during
maximum vasodilation and will be equal in all normal
regions of the myocardium.

Based on these assumptions, the pressure-flow relation
for a stenotic artery will be formulated and then related
to the perfusion defect as measured by PET. These
equations will then be used to relate the severity of the
perfusion defect and its size to the dimensions of the
stenosis.

THEORETICAL BASIS

Relation of perfusion to pressure-flow characteristics
of a single stenosis in a single artery. For this situation,
and assuming no collateral circulation, the pressure drop
across the stenosis can be related to coronary flow by two
equations describing the arterial hemodynamics with and
without a stenosis. If the vessel has no stenosis (Fig. 1,
top), then the pressure drop (Pa P@)across the artery
and its distal vascular bed can be described as a function
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FiG. 1. FunctIonaldiagramof coronarycirculation,as used in
derivation of pressure-perfusion equation. Top: Normal artery
supplying flow, 0, to vascular bed. Diameter of normal artery Is d@,
ard vascula' bed resistance is R.Pressurecbopacross vascularbed
is taken as (P@â€”Pu),where P@15arterialpressure and P,,Isvenous.
Bottom:Same artery withstenosis of diameterd@and lengthI.Flow
through stenosls is Q and pressure &op is @Pfor distal bed re
sistance of R8.
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of the total flow, Q, and the total resistance, R, of its
distal vascular bed as follows:

@a PV QR,

where Pa @Sthe arterial pressure and P@is the venous
pressure.

If a stenosis is placed in the same vessel proximally
(Fig. 1, bottom), then the total pressure drop Pa Pvcan
be expressed as:

Pa Pv = L@P+ Q@R5,

where /.@P= Pa P2, @5the pressure drop across the
stenosis, Q@is the flow in the stenotic artery, P2 is the
coronary artery pressure distal to the stenosis, and R is
the resistance of bed distal to the stenotic region.
Dividing Eq. (2) by Eq. (1), we get Eq. (3):

1 L@P+QsRs

QR QR

Since QR = Pa PV,E(4.(3) can be expressed as

@P =1_@!.@:!,
PaPv QR

which states that the ratio of the pressure drop across the
stenosis to the total pressure drop is related to a second
ratio whose numerator is the product of the flow through
the stenosis and the vascular resistance beyond it, and
whose denominator is a similar product of flow and re
sistance for the normal part of the heart.

Since perfusion, f, is a measure of the regional blood
flow per unit mass of myocardium, the total flow, Q, can
be computed from the total mass, M, and the regional
perfusion, f, by the following equations.

Q= Mfforthenormalartery,
and

Q@= Mf@forthestenoticartery.
By substituting for Q and Q@in Eq. (4) the pressure drop
across the stenosis can be expressed as a function of
perfusions, as follows:

@P

PaPv fR

The resistances R and R@can be expressed as a linear
combination of the regional perfusion resistances r and
r,, where

r MR. units R = mm Hg
cc/mm

across a stenosis can be expressed as a function of the
regional perfusion and regional resistances, i.e.,

(1) E@P =@_â€˜:!!I. (6)
PaPv fr

During maximal pharmacologic vasodilation, the re
sistances reach a minimum and are all equivalentâ€”i.e.,
r@= rmjn râ€”and Eq. (6) reduces to

@@_1!@ 7
(2) PaPv fâ€¢ ( )

Therefore, under conditions of maximum coronary
vasodilation, the pressure drop across a stenosis can be
obtained noninvasively if Pa Pv, fs,and f are measured.
The derivation of Eq. (6) from Eq. (4) also implies that
in the absence of collateral input, circulation from an
other artery:

(3) !!@@9@! 8

fQ (
Thus the perfusion ratio for the poststenotic region to the

(4) normal region is directly related to the ratio of stenotic
to normal coronary arterial flows. This relation between
perfusion and total flow will become extremely impor
tant in the future application of PET for the early de
tection of coronary artery disease, as will be developed
presently.

Relation of perfusion deficit to stenosis dimensions.
The next step in this derivation is to express the perfu
sion-pressure relation of Eq. (6) in terms of the dimen
sions of the stenosis. Young (8) has derived the pres
sure-flow equation for a stenosis relating the instanta
neous as well as mean pressure and flow during a cardiac
cycle. These equations have been verified in experimental
animals by Gould (4) for mean flows and mean pressure
drops using the following form:

@P= DQ@+ SQS2. (9)

Equation (9) states that the mean pressure drop across
a stenosis can be represented by a quadratic equation

where L@Pis the pressure drop across the stenosis, Q@is
the flow in the stenosed artery, D is the viscous drag
coefficient, and S is the nonlinear separation coefficient.
D and S are functions of the diameter of the normal
segment of the coronary artery (do), the diameter of the
stenosis (c1@),the length of the stenosis (li), the viscosity
of the blood (j@),and the density of the blood (p). The
expressions for D and S as functions of the stenosis di
mensions are shown below.

D=128@ (10)
ird@

and

S =J@@P[d@â€”2_ d02J2 (11)

(5)

and

mm Hg
r@= MR5, units r

cc/mm

By substituting for R and R@in Eq. (5), the pressure drop
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Note that D is independent of the prestenotic diameter a coronary lesion that becomes less severe but longer on
of theartery, andS is independentof the lengthof the reversaltherapy. Would it be functionallyworseor
stenosis. better? It may therefore be necessary to grade the se

By substituting the pressure drop from Eq. (9) into the verity of a stenosis by its effect on perfusion in the areas
perfusion-pressure Eq. (6), a relationship between per- distal to it, which is a function of all the dimensions of
fusion ratio and the flow in a stenosed artery is obtained, the stenosis.
as follows: PET measures the perfusion defect directly, and can

therefore be used to obtain information that may be of
(12) considerable help in a clinical situation. Gould (20) and

Young (6) have shown that at resting flow the pressure
Q@hasalreadybeenexpressedintermsofMandf,,and dropacrossastenosisremainsfairlysmallasthenar
therefore by substituting Q@= Mf@in Eq. (12), the rowing becomes more severe until a critical point is
equation relating the quantitative perfusion defect and reached where minimal further narrowing causes a
its size to the dimensions of the stenosis is obtained: drastic increase in pressure drop and falloff in flow. This

f phenomenon, termed â€œcriticalstenosis,â€•has been studied
(Pa P@) 1 â€”i! = DMf@+ SM2f@2. (13) by Young et al. (6), Mates et at. (7), and Gould et at.

fr (20). A second observation made by Gould (5) is the
This general equation relates the perfusion as mea- concept of â€œcoronaryflow reserveâ€•(CFR) whereby the

sured by PET to the regional perfusion resistances, D and maximum flow possible through a stenotic artery is used
5, whichare functionsofstenosisdimensions. to measuretotal flowreservesavailableto themyocar

By rearranging the terms in Eq. (13), the final form dium as a functional measure ofthe severity ofa stenosis.
of the equation is obtained: Initial data, obtained with PET cameras and N-13 am

f r DMf + SM2f@S monia (16) for coronary stenosis in dogs, have shown
.@s_1 S , (14) that perfusion in an ischemic region is fairly normal for

fr @a Pv mildstenosis(<80%) at normalrestingflow.Moreover,
In theory, the variables f@,f, M, and Pa Pv can be the ratio f5/fbecomes abnormal when flow is maximally
measured, but r@,r, D, and S remain unknown. Since D increased even for milder stenoses.

and S are functions of d@,d@,and 1,we are left with sev- These experimental observations can be related to the
eral unknowns if each of the variables is to be estimated. theoretical predictions in Eq. (6), which can be rear
The influence of r and r5can be minimized by maximal ranged to represent the pressure-perfusion relation
vasodilatation such that r = r@= rmjn, thus leaving three ship:
unknowns that describe the dimensions of the stenosis,
d0, d8, and 1.Given a three-dimensional imaging device
(PET) and perfusion images of the heart, it may be
possible to estimate the proximal diameter of the ste
nosis, d0, by the size of the perfusion defect (18â€”20).
However, we are still left with d@and 1as unknowns that
can affect the poststenotic perfusion. Kirkeeide (21) has
simulated the affect of stenosis dimension on coronary
flow. However, it may be necessary to characterize the
severity of the stenosis from perfusion defects.

!:@=!. @_Â£@P@ (15)
f r8 PaPv

As flow is increased from the normal resting value to a
higher rate, the pressure drop @Pincreases gradually,
such that the term

[@ â€”(P@P@)l@@ec@meslessthan1,
and if the perfusion ratio fe/f is equal to 1, then r/r5 must
increase to compensate for the pressure drop due to the
stenosis. Thus, Eq. (15) indicates that compensatory
vasodilationmustoccurinthepoststenoticregionsifthe
perfusion levels are to be maintained.

From experimental observations, we know that, in the
presence of a stenosis, the resistance of the capillary bed
decreases due to autoregulation (22,23), and flow is
maintained in the face of a fall in perfusion pressure. We
also know that the ratio f5/f, as derived from PET oh
servationsin mild stenosis,remains close to unity;
therefore, the ratio r/r@has to be greater than one in
order for autoregulation to be present. This phenomenon
has been documented experimentally by Gould Ct al.
(23) and Schaper et al. (24).

As flow is increased further by coronary vasodilation,
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(Pa P@)[i f@r51â€” TJDQS+SQS2.

DISCUSSION

We have assumed in the derivation of the model that
the stenosis is regular in shape, whereas most coronary
stenoses have irregular geometry. Determining severity
of a geometrically irregular stenosis from perfusion de
fects may be difficult, but it is unnecessary for clinical
applications. In fact, there is no clinical or hemodynamic
evidence to indicate that one stenosis shape is worse than
another. For example, is a long mild stenosis better or
worse than a shorter more severe one for any given
pressuregradient at a given flow? Furthermore,in
measuring stenosis dimensions for progression or re
gression, one may reasonably ask how one would classify
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other hand, is measured irrespective of where the flow
originates, and therefore can account for the change in
perfusion caused by collateral circulation in addition to,
and independent of, any change in severity of the ste
nosis.

The concept of perfusion reserve is extremely powerful
in that it allows a direct measurement of the maximum
capacity of the coronary circulation for the maintenance
of the tissue distal to the stenosis. For a severe stenosis,
in which angina is present during mild exercise, the
perfusion reserve would be depleted with minimal in
crease in flow, and would be close to unity.

It is possible for the perfusion reserve ratio to fall
below unity. Flameng et al. (25) have shown that vaso
dilation beyond a severe obstruction can cause the
pressure drop across the stenosis to increase, thus re
ducing the perfusion distal to it. Gould (20) has shown
that this phenomenon is due to the dilation of the prox
imal and distal normal coronary artery or due to â€œcol
lapseâ€•of the stenotic segment.

Perfusion reserve is easy to measure with PET, since
it requires only two measurements: one obtained at
normal resting flow and another during maximum
vasodilation (3). The normal resting perfusion for each
patient is used as the control perfusion against which to
rate the maximum perfusion. The requirements on the
PET camera are also simplified, since the perfusion re
serve can be computed from a single image plane,
without requiring a multislice camera.

CONCLUSION

A simple model has been presented, which relates the
severity of a myocardial perfusion defect to severity of
coronary artery stenosis. The model has been derived for
a single vessel,assuming a single stenosis and the absence
of collateral circulation. The assumptions made in the
derivation of the model are either based on known
myocardialphysiologyor arejustifiedbycurrentliter
ature. The relation between perfusion deficit and stenosis
dimensions shows that predicting the stenosis dimensions
may be difficult but is unnecessary for clinical applica
tions.

The extension of the concept of coronary flow reserve
and perfusion reserve to characterize the severity of a
stenosisispowerful,withimmediateclinicalimplications
in man. Its application is easily achieved with positron
tomography provided maximal coronary vasodilation can
be implemented in man effectively.
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FIG. 2. Relationshipbetween f and f@,as expressedby Eq. (6).As
vascul& bed is dilated,bothf and f8willIncrease proportionallydue
to autoregulatlon.Whenresistancer5inpoststenoticeras reaches
minimumvalue, r,,,@,,,perfusion in poststenotic region, f@,cannot
increase any furtherard stenosis reaches a criticalpoint,depending
on severity of stenosis. Perfusionreserve Is then definedas maxi
mum perfusion in the region dividedby normal resting perfusion.

a point will be reached when r@@ and cannot fall
further. At that point, for a given perfusion pressure, the
maximum possible flow to the poststenotic area is
reached. As long as the driving pressure, (Pa P@),is
constant, the flow will remain at that level while flow
increases further in the normal area with ongoing vaso
dilation. The perfusion resistance, r, in the normal area
will continue to decrease until a point is reached when
it also equals rmjn and cannot decrease any more. The
normal region of the myocardium then also reaches its
maximum coronary flow reserve.

If the two perfusions, f5 and f, are plotted, then one
would expect a straight line (Fig. 2) until r@ rmjn,at
which point f@(max) becomes constant. However, f will
continue to increase with further vasodilation. The point
at which perfusion in the poststenotic region becomes
maximum can then be used to measure the â€œperfusion
reserveâ€•of that region of the myocardium by obtaining
the ratio of f@(max) to f@(resting). That is:

â€œperfusionreserveâ€•

I
Psiluslssissuraslrs@isssii*s.yswdlu

â€1̃â€”zi
Ps,@sIsurissiw@

â€” maximum perfusion

â€” normal resting perfusion'

= fs (max)
or perfusion reserve

f@(resting)

Perfusion reserve (PR) and coronary flow reserve are
identical in the absence of collateral circulation because
of the relationship

f@Q5
fQ

In the presence of collateral circulation, however, some
of the perfusion in the poststenotic area may be supplied
by an adjacent artery, which would artificially elevate
the coronary flow reserve for that artery. PR, on the
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APPENDIX

Justification ofassumptiosn in the derivations.In the derivation
of the perfusion-pressureequations there have been some explicit
and implicit assumptions made about myocardial physiology and
coronarycirculation,and these need to bejustificd. The first major
assumptionmadeintheequationsisthat myocardialperfusionis
uniform within regions of myocardium. Several studies of myo
cardial perfusion,as measured with microspheresunder different
physiological conditions, confirm this assumption. Most of these
studies have shown that there is a perfusion gradient from the
endocardiumto the epicardium.

Marcus Ctal. (26) measured the distribution of 7-10 @smml
crospheresin the dogmyocardiumforsmall(0.78-g)samplesof
tissue.Theyfoundthat thedistributionofperfusionvaluesalong
the wholeheart couldbe representedby a normalprobability
distribution with a mean of 88.19 ml/min-100 g and a standard
deviationof 14.95ml/min-100 g. The endo-to-epiperfusion ratio
ranged from 1.2 at the base to 0.98 at the apex. Ball et al. (27) have
studied the variability of the endo-to-epi perfusion ratio under
exercise and ischemia in dog models, and found that this ratio
decreases with ischemia and with exercise.

A comprehensive study by Yipinstoi et al. (28) compared the
distribution oflabeled microspheres of different sizes and labels
with that of diffusible tracers such as 1-125-labeled antipyrene
(lAP), [42K] potassium chloride, and [86Rb] rubidium chloride.
Theyfoundlargevariationsinmicrospheremeasuredflowrelative
to lAP-measured flow. They collected extremely small samples
of tissue,rangingfrom0.02to0.48g,andshowedthat thedistri
bution of microspheres depended on the size of the microspheres
and the radioactive label. RbC1 and small microspheres (<10 @m)
weredistributedfairlyuniformlyin theheartbut showedslightly
higher perfusion in the endocardium as relative to the epicar
dium.

An analysisof the severalperfusionstudiescarriedout with
microspheresindicatesthat a largeportionof the variabilityre
ported in perfusion from region to region may be due to the in
herentcomplexityanderrorsassociatedwithlabeledinicrospheres
used as perfusionindicators.Yipinstoiet al. (28) foundvariability
bya factorof 15inperfusionmeasurementswithmicrospheresfor
small tissue samples. Marcus et al. (26) observeda much smaller
variation (Â±16%)for larger tissue samples.

Diffusibletracers suchas IN-131ammoniaand [82Rb]rubidium
chlorideshowverylittledifferenceindistribution,aswasobserved
byYipinstoiet al. for lAP and RbCl,Gouldet al. (16) observed
lessthan 10%differencein thedistributiononN-l3 ammoniain
dog hearts as imaged with an ECAT (29) positron camera. Mul
lani et al. (unpublished data) have also observed less than 10%
variation in the distribution of [82Rb]rubidium chloride in dog
hearts at normaland maximal flowas observedwith the TOFPET
I (30) positron camera. Since the resolution of the present PET
cameras is not sufficientto distinguishbetweenepi and endo
perfusion,it is reasonableto expect homogenityofperfusion in the
myocardium as imaged with these devices. Therefore, the as
sumptionofuniformperfusionforsamplevolumeasobservedwith
a PET camerais validfor the first-ordermodelderivedin this
text.

The second major assumption in the model is that the pressure
gradient along a major epicardial coronary artery is very small and
can be neglected in comparison with the pressure drop across a
stenosis or across the distal vascular bed. Kelley (31) in an cx
tensivestudy of the pressure drop along a coronary artery, found
it to be small even in the distal (@â€˜slmm diam) arteries. Implicit

in these two assumptions is the requirement that regional perfusion
pressure be uniform in a normal area of the heart. If perfusion is
homogenous and the pressure drop in the large vessel is negligible,
then the perfusion pressure for all regions must also be uniform.
These conclusions imply that the perfusion resistance must also
be homogenouswithin a given region of myocardium.

Severalotherassumptionshavebeenmadein thispaper,such
as the abilityof PET cameras to measureaccurately perfusionand
the sizes of perfusion defects. The model also assumes that maxi
malvasodilationwillbepossibleintheheartandthata short-lived
positronemitter such as Rb-82 or oxygen-l5 can be used to make
two or more measurements with PET sequentially.

The applicationof this modelto manwillrequireseveralcx
perimental studies in order to determine errors in estimating se
verity of stenosis, caused by random noise in the data and the
motion ofthe heart. Finally, these studies will need to be validated
in man by comparison with quantitative coronary arteriog
raphy.
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Receptor-Based Radiopharmaceuticals: Research and Clinical Potential, sponsored by the Department of Energy, will be
held January 27, 1985, at the Riviera Hotel, Las Vegas, Nevada.

Invited speakers and topics include:

J. A. Katzenellenbogen (University of Illinois)
In vitro evaluation of receptor ligands

A. P. @lf(BrookhavenNationalLaboratory)
Labeling of receptor ligands with carbon-il

w. C. Eckelman(NationalInstituteof Health)
Labeling of receptor ligands with @Brand 1@l

M. E. Raichle (Washington University School of Medicine)
Data obtained using mathematical modeling of receptor ligands

A. Stadalnick (University of California, Davis)
Clinical potential of technetium-labeled receptor glands

H. N. Wagner, Jr. (Johns Hopkins)
Clinical use of 11C-methyl-spiperone

Abstractsare solicitedfor contributedposterpresentation.Please send 300 wordabstractto: MichaelJ. Welch, Ph.D.,
Divisionof Radiation Sciences, Washington UniversitySchool of Medicine,510South Kingshighway,St. Louis, MO63110.
Abstract deadline is November 15, 1984.
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