
Time-dilution curves made after intravenous in
jection of a radioactive indicator and monitored by
externally placed radiation detectors offer a simple
means of studying circulation. A detector placed
over the heart can monitor the rise and fall of radio
activity produced by the first passage through this
organ of the entire amount of an intravenously in
jected dose of indicator. The area under the curve
obtained is inversely proportional to cardiac output
and can be used to measure this function (1 ) . A
detector placed over the periphery, on the other
hand, can monitor only the first passage through
the circulation of that portion of the indicator which
passes through the peripheral region within its range.
The resultant curve reflects certain quantitative as
pects of blood flow through this region, but the
relation is more complicated than in the case of the
heart curve. Moreover, the areas under both the
peripheral and the heart curve are inversely propor
tional to cardiac output regardless of the amount of
the peripheral flow (2 ) . Despite these problems,
various methods of using this technique for studying
peripheral blood flow have been described. Most of
these studies have been concerned with cerebral cir
culation using curves produced by radiation detectors
placed against the head (3â€”6).

One such method for measuring cerebral blood
flow has been proposed by the author (4,5). This
procedure is based on an analysis of factors deter
mining the dimensions of a time-dilution curve made
by continuously measuring the concentration of an
indicator at a point in a branch channel situated
downstream from the location of the injection.

The purposes of this paper are to discuss the
theoretical analysis on which the method is based and
to present the results of testing this hypothesis
through curves produced by using a simple flow
model.

THEORETICAL BACKGROUND

Consider that a radiation detector is placed
against the side of a hollow tube containing flowing
fluid. The tube bifurcates into two branches at a
point downstream from this detector, and a second
radiation detector is placed against one of these
branches. A small amount of radioactive indicator,
injected into the fluid in the main tube upstream to
the first detector, will pass this detector contained
within a segment of flowing fluid or bolus. When
this bolus reaches the bifurcation, it divides and a
portionof the originalamount, or bolus portion,
passes the second detector. Thus each detector moni
tors a rise and fall of radioactivity. Two different
time-dilution curves can be constructed by plotting
these changes on the vertical axis of a graph against
time on the horizontal axis (Fig. 1).

Received Aug. 12, 1968; original accepted Feb. 28, 1969.
For reprints contact: Stephen W. Thompson, Dept. of

Neurology, Univ. of New Mexico School of Medicine, 930
Stanford N.E., Albuquerque, N.M. 87106.

FIG. 1. Twopairsof curvesmadeusingflowmodelasde
scribed in text. The A pair was made with a flow of 945 cc/mm
for the first curve (A1) and 490 cc/mm for the second (A,). For
the B pair of curves the flow was 1,615 cc/mm for the first (B)
and 300 cc/mm for the second (B,).
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The following postulates about these curves will is the amount of radioactivity in the bolus and hence
be discussed : the dose of radioactive energy originally injected

1. The two time-dilution curves vary in length (d) . Therefore
inversely with the respective mean concentra
tions of indicator which produced them, and (6)
any difference in length is determined only by
this variable; and (7)

2. The area of each curve is inversely propor
tional to the flow rate through the main chan- Next, consider the curve produced by the detector
nel, and the area of the curve produced by placed against one of the branches from the main
the detector placed against the branch is not channel and let subscript 2 denote expressions per
affected by flow rate through that branch; and taining to this curve. Then,

3. Flow rate through the branch is inversely pro- L
portional to the difference in length between T2 = â€”@t, (8)
the two curves.

Consider first the curve produced by the detector H2 C2K2 (9)
placed over the main channel of the tube and let
subscript 1 denote expressions pertaining to this and (10)
curve. The length of the curve (T1 ) which represents
the time required for the bolus to pass the detector as with the first curve.
is proportional to the bolus length (L1) at the loca- L2 and S2 can be expressed differently. The frac
tion of the detector and inversely proportional to tion of the original bolus which traverses the branch
the velocity (S@) at which it is traveling at this lo- to produce Curve 2 is considered to be equal to
cation. Thus the fraction of the total flow which traverses the

branch. Thus if M1 is the volume of the bolus which
T1 =@@ ( 1 ) produced the first curve and M2 is that of the bolus

Si portion which produced the second curve,

in which t is the factor converting units of time to
linear units on the horizontal axis of the graph. (11)

Curve height at any given point represents the
amount of radioactive energy being detected at that and (12)
instant. Thus the mean height of the curve (H1) is
proportional to the mean concentration of radio- However, any variation between the mean con
active energy (C, ) within the bolus as it passes the centration (C1) of indicator within the bolus which
detector. If the sensitivity of the detector system produced the first curve and that (C2) within the
(K1 ) is defined as the ratio of the deflection of the bolus portion which produced the second would

detector system to the concentration of radioactivity cause an inversely proportional effect on the respec
in the tube at the point where the detector is located, tive volumes (M1 and M2) of the bolus and its por
the mean height of the curve can be expressed by tion. Therefore, the expression must be modified:

H1=C1K1. (2) (13)

The area of the curve (A1) is T1H1 or
The volume of the bolus or of its portion at any

(3) given point along the tube or its branch can be cx
pressed as the product of its cross sectional area

If a1 is the cross sectional area of the bolus at and its length. Therefore
the location of the detector, the flow rate (F1 ) is (14)

F1=a1S1. (4) and (15)

Using this in the expression for A1,

(16)

(17)

A1 LIC1K1=
Si

A1 a1L1C1K1
= F1 (5)

It will be seen that a1L1 is the volume of the bolus
at the time it passes the detector and that a1L1C1 and
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stantly increasingvolume of fluid vehicle as it moves
through the tube. In this way, the portion of the
bolus destined to be recorded by the second detector
incorporates or acquires a volume of fluid vehicle
as it travels through the tube from the region mom
tored by the first detector through that monitored by
the second. It is this acquired volume that is respon

( 18) sible for the dilution referred to above.
The size of this acquired volume (I ) , which is

considered the result of â€œspreadingâ€•of the indicator
due to laminar flow, is independent of the volume
of the incorporating bolus portion, but it is directly

( 19) proportional to the volume of tubular lumen through
which this bolus portion passes on its way from the
first detector through the region monitored by the
second. Thus the acquired volume would be the

â€œ20' same for all curves made using the same tube system
â€˜ I although it would be different for different systems.

To express the preceding statement quantitatively,
T2 can be considered as consisting of two parts : (1)

that part which would be present if no dilution had
occurred, and (2) that part for which the acquired
volume is responsible. According to Postulate 1 (and
Eq. 20), the former part, regardless of all other
factors, is equal to the length of the first curve (T1).

(21 ) Thus the part contributed by the acquired volume
is always T2â€”T1.

Let x equal the fraction or percentage of the total
flow (and of the original bolus) which passes
through the branch. Then F2 = F1x and the ac

(22) quired volume (I) can be expressedas

I = T_.T1 M1x (25)

in which M1 is the volume of the original bolus when
(24) it produced the first curve.

Solving for x in the above expression

x = M1(T2â€”TI) (26)

F11T1 2
F2_M(TT). ( 7)

Another expression for M1 can be derived using
the total flow (F1) and the time (T1) required for
the original bolus to pass the first detector

M1=F1T1. (28)

Substituting this in the above expression for F2

F2 = T2â€”T1 (29)

which is an expression of Postulate 3.

=@ F2a1
1@.

T2=T1@!.

The velocity (52) of the bolus portion producing
the second curve will vary with the velocity (S1) of
the bolus which produced the first. The velocities
(S2 and S1) will vary directly with the ratio of the

flow rates (F2-to-F1) and indirectly with the cross
sectional areas (a2-to-a1).

Substituting these expressions for L2 and S2 in the
original expression of T2 and cancelling,

T L1C1
2-@t.

Inasmuch as T1 =@@ (Eq. 1), it is evident that

Therefore any difference between T1 and T2 depends
on the difference between C1 and C2 and is mdc
pendent of all other variables. This is the expres
sion of Postulate 1.

The area of the second curve can now be ex
pressed as

LIC1K2A2_

and, using the reasoning applied to the derivation
of the area of the first curve,

a1L1C1K2
A2= t

F1

dK2
A2=-@--t

dK2
F1 = t.

(23)or

and

The area of the first curve, as previously noted
(Eq. 6), can be expressed as A1 = (dK1/F1)t.
Therefore, A1 and A2 differ only as K1 and K2 dif
fer, both are related in the same way to F1, and
A2 is unaffected by F2. This is the expression of

Postulate 2.
In Fig. 1 it can be seen that the second curve

is longer than the first. According to Postulate 1 this
is because the mean concentration of the indicator
in the bolus when recorded in the main channel by
the first detector is greater than in the bolus portion
recorded in the branch by the second detector. In
other words, the portion of the bolus recorded by
the second detector has become more dilute as it
passed from the region monitored by the first de
tector.

This dilution is considered to be due to laminar
flow which causes the indicator to spread into a con

Inasmuch as F2 = F1x,
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A and B â€”GLASS CYLINDERS

I and 2 â€”GAMMA RAY DETECTORS

FIG. 2. Schematicdiagram of flow
model systemused in experiments.Clamps
were placed on tubing to regulate flow
rate through first and second cylinders.

3 and 4 â€”COUNT RATE METERS

5 â€”2 CHANNAL RECORDING

GAL VANOMETER

The result was 63.9 in./@Ci/cc (K1) for the first
cylinder and its detector and 119.24 in./@Ci/ce (K2)
for the second cylinder and its detector.

The total area of each curve was measured in
square inches with a planimeter. Although irregu
larity of the down-slope frequently obscured the
exact location of its union with the base line (Fig.
1) , total-area measurements were considered accu
rate because of the close proximity of the down
slope to the base line near the end of the curve.
Total length measurements, on the other hand, were
often impossible because of inability to locate accu
rately the point of union between down-slope and
base line. It was more practical to locate the point
of intersection of the down-slope with a horizontal
line 9% of the peak height of the curve above the
base line. At this point the down-slope is steeper
and the intersection relatively easily discerned. The
length of each curve was measured in inches from
its beginning to this point so that analogous portions
of all curves were measured. These lengths were
designated partial curve lengths. The areas of these
same curve portions also were measured in square
inches with a planimeter and designated partial curve
areas.

RESULTS

The results are given in the tables where the curve
pairs are numbered 1 through 15 in order of increas
ing difference in flow between the first and second
cylinder.

Table 1 shows the actual flow rate in cc/min
through each of the cylinders for each pair of curves

METHOD

A simple flow model was constructed using two

glass cylinders interconnected with rubber tubing
(Fig. 2) . Water flowed through one tube and through
the first cylinder and then into a bifurcated tube so
that flow through one of the branches traversed the
second cylinder. The flow rate through the first
cylinder could be varied and the portion of this flow
which reached the second cylinder also could be
varied by clamps on the tubing. The flow rate
through each of these cylinders was measured by
making timed collections of the run-off from the
system.

Each of the two cylinders was held in place
against the end of a shielded gamma-ray detector
which was connected through a count-rate meter to
a recording galvanometer with a paper speed of 12
in./min.

Time-dilution curves were made with a rapid in
jection of radioiodinated diodrast (between 0.63

@@Ciand 2.7 @@Ci)into the tubing upstream to the
first cylinder. A rise and fall of radioactivity in each
of the cylinders resulted so that a curve was pro
duced by each of the detectors on its respective re
corder. Fifteen pairs of curves were made by using
varying combinations of flow rates through the
cylinders.

The sensitivity of each of the detectors (K1 in
Eq. 2 and K2 in Eq. 9) was determined by filling
each of the cylinders with a solution of radioiodi
nated diodrast of known concentration and measur
ing the deflection produced on each of the recorders.
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Mean con
centrationofCurve

pairradioactivity

for
Partial curve each curve Predicted
lengths(in.) (pCi/cc) value of

1,basednumberT1
T, C1 C, on Eq.2014.43

7.80 0.0063 0.00367.7521.65
3.25 0.0099 0.00493.3332.22
4.41 0.017 0.00745.1041

.97 4.49 0.017 0.00704J852.60
5.94 0.018 0.00736.4161.06
2.97 0.028 0.00873.4171.00
3.07 0.031 0.00873.5680.689
4.23 0.019 0.00265.0490.630
3.90 0.030 0.00414.61100.669
4.37 0.020 0.00274.961

10J48 4.49 0.017 0.00206.361
20.669 4.11 0.028 0.00375.06130.689

5.63 0.018 0.00206.20140.669
5.37 0.019 0.00206.36150.689
5.53 0.018 0.00186.89TABLE4.

COMPARISON OF FLOW FACTOR WITH
TRUE FLOW IN SECONDCYLINDERFlow

rate, Factor
secondproportionalCurve

paircylinder

toF,based
(cc/mm) on Eq. 29

RationumberF,
F', F,-to.F',

TABLE 1. FLOW RATESCalculated

flowTrue
flow rate rate for firstcylinder(cc/mm)

(cc/mm)Using

areaUsing
area ofcurveof

curvefromCurveF,
F1 from firstsecondpairsecond

first cylindercylindernumbercylinder
cylinder (Eq. 7) (Eq.24)1260

260 2592582570
570 5395703395
510 5116004410
525 5165685282
403 4004526490
945 9471,0477480

1,000 9891,1668280
1,565 1,5611,9199320
1,620 1,6061,88310265
1,570 1,5681,84611250
1,565 1,5962,11412300
1,615 1,6242,06513203
1,570 1,5152,02914210
1,593 1,6072,10615200
1,610 1,6012,289TABLE

2. CURVEAREASTotal

PartialCurvecurve
curvepair

num
areas (in.') areas (in.'@ Ratio Ratio

Ai-to. A i-to
berA1 A, A'1 A', A, A',

FLOW THROUGH BRANCHED SYSTEMS

column. This value is calculated by using Eq. 2 for
the first curve of each pair and Eq. 9 for the second
curve. H1 and H2, the mean heights of the curves,
were derived by dividing the partial area of each
curve by its partial length. Thus the mean concen
trations are those for analogous parts of the curves
rather than for the total curves. The last column
shows the theoretical value of T2 if derived from T1
using Eq. 20.

Table 4 compares the actual flow rate (F2)
through the second cylinder for each curve pair
with a factor (F'2) which theoretically is propor

and the flow rate through the first cylinder calculated
from each of the curves using Eq. 7 for the first
curve of each pair and Eq. 24 for the second curve
in which t = 12, which is the paper speed of the
recorder in in./min. A1 and A2 are the total curve
areas.

Table 2 shows the total areas, A1 and A2, for each
curve pair, the partial areas, A'1 and A'2, and the
ratios A1-to-A, and A'1-to-A',.

In Table 3 the partial curve lengths are given in
inches. The mean concentration of radioactivity
which produced each curve is shown in the next

11 .873.501.783.390.530.5321.162.041.051.900.570.5532.513.982.403.870.630.6242.293.862.153.730.590.5853.195.273.035.160.610.5961.963.301.883.100.590.6172.123.362.013.200.630.6380.871

.320.831.300.660.6491
.272.011 .201.930.630.62100.911

.440.871.390.630.63110.821.160801.100.71033121.271.941.211.820.650.66130.891.370.811.310.650.62140.851

.330.821.260.640.65150.821.180381.160.690.67

126029.67836257062.509.12339545.668.65441039.6810.33528229.949.41649052.369.36748048.319.94828028.259.91932030.5810.461026527.039.801125026349.351230029.0710.321320320.2410.031421021.289.871

520020.669.68
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tional to this flow rate. This factor was derived
using Eq. 29. Although I, as defined in the deriva
tion of this equation, is not obtainable in absolute
terms, it would be constant for all curve pairs made
using the same flow model. Therefore, the factor
F'2 was obtained using the arbitrarily chosen num
ber 100 for this constant. Thus, F'2 is an index of
flow expressed in arbitrary units. The last column
of Table 4 shows the ratio of F2-to-F', for each of
the pairs of curves. If F'2 is exactly proportional to
F2, this ratio should be the same for each of the
pairs of curves.

DISCUSSION

Calculations of flow rates through the first cylin
der (main channel) using the areas of curves from
this same cylinder (Eq. 7) gave accurate results
(Table 1) . According to Postulate 2, the areas of
curves from the second or branched cylinder also
could be used to calculate the flow rates through the
first cylinder (Eq. 24). The correlation was reason
able although results from the second curves were
a little high (Table 1) ; this tendency was more pro
nounced the greater the difference between the flows
in the two cylinders. This result is best explained by
considering that the curve areas used in Eq. 24
became relatively smaller as the difference in flow
between the two cylinders became greater. The rea
son for this effect could be that, as the flow differ
ence between the cylinders increased, the percentage
of the total dose of radioactive indicator which
traversed the second cylinder (to make the second
curve) became increasingly less than the percentage
of the total flow which traversed this cylinder. The
assumption that these two percentages would be
equal was made in the derivation of Eq. 24. Further
more, the same assumption must be made when
human cardiac output is measured using an intra
venous injection of indicator and a time concentra
tion curve is then obtained from the peripheral
circulation (2,7) . Van der Feer has shown that this
assumption is reasonable when applied to the human
circulation (8).

According to Postulate 2, the ratio of the areas
of the first and second curve of each pair should
be constant regardless of any difference in flow
between the two cylinders. Table 2 supports this
postulate although, again, the areas of curves from
the second cylinder became relatively smaller as
the difference in flow rates between the two cylin
ders increased.

A comparison of the ratio of the total curve areas

A1-to-A2 with that of the partial curve areas A'1-

to-A'2 for each curve pair shows good correlation

(Table 2) . Thus it seems reasonable to consider
that analogous portions of the total curves are in
cluded in the partial curve areas.

The results of testing Postulate 1 are given in
Table 3 which shows a fairly close correlation be
tween the length of the second curve of each pair
(T2) and its predicted length (last column) . These

findings are based on the postulate that the first and
second curves vary in length inversely with the re
spective mean concentrations of radioactivity which
produced them as is expressed by Eq. 20. There
is some tendency for the predicted value to be high.
This result again seems to be more marked the
greater the difference in flow between the two cylin
ders, suggesting that C2 became relatively smaller
as the difference in flow between the two cylinders
became greater. If so, the probable explanation is
the previously suggested disparity between the per
centages of injected indicator and total flow which
traversed the second cylinder.

Table 4 shows that the ratio of the true flow rate
through the second cylinder (F2) to the factor theo
retically proportional to this flow rate (F'2) does
not vary greatly among all the curve pairs. For this
reason, F'2 is considered to be a quantitative ex
pression of the flow rate through the second cylin
der. The fact that the ratio F2-to-F'2 is not constant
for all curve pairs means that F'2 is not a precise
value. The inequality suggested above between the
percentages of injected indicator and total flow
which went through the second cylinder cannot cx
plain this inaccuracy inasmuch as this inequality
tended to become more marked as the disparity in
flow between the two cylinders became greater.
Thus, the effect would have been to cause a larger
inaccuracy as the flow differences between the two
cylinders increased. The variation in the ratio F2 to
F'2 does not seem to show such a trend. In addition,
an inequality between the fraction of injected mdi
cator and that of the total flow passing through the
second cylinder would have less effect on the length
of the second curve than on its area, and F'2 does
not depend on area as do the previously discussed
results from which such an inequality was inferred.
This inaccuracy probably is secondary to other, un
explained factors.

The quantitative expression of flow rate through
the second (branched) cylinder gives a new dimen
sion to the application of time-dilution curves to
the measurement of flow through branched systems.
The situation is analogous to that of a radioac
tive indicator injected intravenously (and thus into
the heart) and a time-dilution curve is recorded by
a detector placed over the heart (main channel)
and another by a detector placed over a peripheral
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the periphery. A method for measuring cerebral
blood flow based on this concept has been proposed
previously.

Tests of this hypothesis using time-dilution curves
made with a simple flow model are presented.
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region (branch) . The classical dilution principal
using the area under either of these curves permitted
measurement of the flow rate through the main
channel only (2,7) . The new concept described
here allows quantitative analysis of the flow rate
through the peripheral region, and its application to
a method for measuring cerebral blood flow has been
proposed (4,5).

SUMMARY

Time-dilution curves made by monitoring an in
travenousl1y injected radioisotope through externally

placed radiation detectors provide a way of studying
circulation. Attempts have been made to study the
peripheral circulation using curves resulting from
monitoring that portion of an injected indicator

which passes through the peripheral region in ques
tion. The classical dilution principal, using the area
under such a curve from the periphery, however, lets
one measure only cardiac output and gives no in
formation about peripheral flow.

This paper describes an analysis of time-dilution
curves made with a branched tube through which
fluid is flowing. If a radioactive tracer is injected into
the main channel and its passage is monitored down
stream by two externally placed detectors, one placed
over the main channel and the other over one of
the branches, the difference in length between the
two resulting curves is inversely proportional to the
flow rate through the branch. Thus a factor propor
tional to flow rate through the branch can be derived.
The situation is analogous to that resulting when a
radioactive indicator is injected intravenously and
monitored by detectors placed over the heart and
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