A Unified Approach to Photon and Beta

Particle Dosimetry

Peter K. Leichner

Department of Radiology, University of Nebraska Medical Center, Omaha, Nebraska

The purpose of this investigation was to develop a unified and
practical method for photon and beta particle dosimetry.
Methods: This was achieved by developing a point-source func-
tion that is equally valid for photons and beta particles. This
function contains four fitting parameters. These were computed
on the basis of Berger’s tables for a wide range of photon and
beta particle energies. Explicit formulas were derived for the
absorbed fraction within and outside of spheres containing a
uniform distribution of activity. For photons, calculations of the
absorbed fraction at the center of spheres were compared with
the results of Monte Carlo calculations. The two methods yielded
essentially identical results, validating the approach used in this
study. Results: The results of this study show that there are
absorbed-dose gradients as a function of distance from the cen-
ter of a sphere. These should be taken into account in absorbed-
dose calculations. For beta particles, it is shown expilicitly that for
spheres with a radius of 0.08 cm, absorbed-dose rates from 3|
and %Y beta particles are equal. Conclusion: An important
feature of this work is that calculations can be made on the
macroscopic, cellular and subcellular levels. The approach em-
ployed and results obtained in this work should be particularty
useful for tumor dosimetry in radionuciide therapy and applicable
radiobiological investigations.
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It has long been recognized that knowledge of absorbed-
dose distributions arising from distributed sources of radio-
activity is of fundamental importance in physics, biology
and nuclear medicine (1-3). In particular, the use of beta
particle point-source functions or point kernels, in conjunc-
tion with the superposition principle (¢), has led to a better
understanding of absorbed-dose distributions for a variety
of source and absorber configurations (1-12). Point-source
functions have also been employed in photon dosimetry;
some authors have suggested that these functions be the
same or nearly the same as for beta particles (1,3,5) and
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others have used completely different functions for beta
particle and photon dosimetry (7,12).

In the present article it is shown that a previously intro-
duced point-source function for beta particles (11) is
equally valid for photons. This function is empirical and
four fitting parameters embedded in it were calculated on
the basis of Berger’s tables for the energy deposition in
water by photons from point isotropic sources (13) and the
absorbed dose distribution around point sources of beta
particles (14).

The fact that one function can be used to calculate ab-
sorbed-dose distributions for photons and beta particles
provides considerable computational advantages in analyt-
ical and numerical solutions of dosimetry problems. This is
demonstrated by deriving an analytical solution of the ab-
sorbed-dose distributions within and outside of spheres
containing a uniform distribution of photon or beta particle
activity. The analytical solution should prove useful in the
computation of S factors for tumors which can be modeled
as spheres, which has been done in radioimmunotherapy
(RIT) dosimetry (15-17). It is emphasized, however, that
the equations provided in the Appendix obviate the need
for tables of S factors for spherical volume sources of
photons and beta particles. Indeed, they provide informa-
tion about absorbed-dose gradients that are not included in
tables and would be difficult, if not impossible, to tabulate.
More generally, these solutions are applicable to the do-
simetry of a variety of radionuclides, including those that
are of radiobiological interest.

The notation for absorbed-dose rate and dose developed
by the MIRD Committee (18) is used throughout this arti-
cle. The MIRD schema provides a flexible and compact set
of equations in terms of absorbed fractions which is par-
ticularly useful in macrodosimetry and dosimetry on the
cellular and subcellular levels. The complexity of formulas
for computing absorbed fractions depends on the point-
source function used and the geometry under consider-
ation. For spherical geometry and the point-source func-
tion employed in this article, these formulas are quite
lengthy and have, therefore, been put into an appendix.
The results presented in the body of this article are focused
on several aspects of absorbed-dose calculations. These
include an examination of gradients in absorbed-dose rates
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within and outside of spherical source volumes of photons
and beta particles.

METHODS

Photons

In conformity with the MIRD convention (18), Berger (13)
expressed the absorbed-dose rate at a distance r from a point
source of monoenergetic photons in an unbounded homogeneous
medium in the form

D(r) = AAD(), Eq. 1

with

A=nE. Eq.2

The quantity A is the source activity, A is the energy emitted per
unit cumulated activity defined in Equation 2; &(r) is the point
isotropic specific absorbed fraction, n is the number of photons
per nuclear transformation and E is the photon energy. For pho-
tons

() = ﬁ 1 - ur 3
n= Py e en(T), Eq.
where ., is the linear photon energy-absorption coefficient at the
source energy, p is the mass density, and u is the linear photon
attenuation coefficient. The factors in square brackets in Equation
3 represent the contribution of primary photons to the absorbed
dose rate. Units associated with the various quantities in Equa-
tions 1-3 are provided by Berger (13) and the MIRD Committee
(18). The quantity B, (ur) is the energy absorption buildup factor,
a dimensionless function which takes into account the contribu-
tion of scattered photons to the absorbed dose rate.

Berger (13) used a moment method for numerical calculations
of the buildup factor for photon energies ranging from 15 keV to
3 MeV and distances from the source ranging from 0.05 to 20
mean free paths. At each photon energy, the buildup factor was
also expressed in terms of a ten-term polynomial. As discussed by
Berger (13), it would be more convenient to approximate the
buildup factor by other formulas involving fewer numerical pa-
rameters. This has been achieved in the present work. It was
shown subsequently (/9) that Berger’s results (13) were consis-
tent with Monte Carlo calculations of the photon transport in large
soft-tissue volumes.

In the present work, tabulated values of the buildup factors
were analytically represented by the function

Be(pr) = 1 + [cy(ur) + cpur) + cy(ur)’le ", Eq. 4

and the fitting coefficients c, to c, were computed from the tabu-
lated values of B, using a nonlinear least-squares fitting proce-
dure (20,21). For ur = 0, this function satisfies the requirement of
being equal to unity. It also satisfies the requirement of increasing
linearly with ur for small values of ur (13). The expression for B,
in Equation 4 is similar to that used for calculating absorbed
fractions for small volumes containing photon-emitting radioac-
tivity (22). A principal difference between the expression for B,
in the present work and that which was previously used is the
coefficient c, in the exponent of Equation 4. The presence of this
coefficient removes the small-volume constraint and, as shown in
the results section, absorbed-dose calculations based on Equation
4 can be made for any finite volume.
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For a monoenergetic photon source volume, the absorbed-dose
rate may be written in the form

D(r) = CA(n), Eq.5

where C is the mean activity per unit mass (Bq/kg or uCi/g) and ¢
is the absorbed fraction. In contrast to the specific absorbed
fraction, the absorbed fraction is dimensionless and ranges in
numerical value from 0 to 1. The relation between the absorbed
fraction and the specific absorbed fraction is given by (22)

¢=pIdKr)dV. Eq. 6

From Equations 3-6 it follows that the absorbed fraction for
photons may be written in the form

- ur

¢ =ten I o2 1+ ewn + cAur) + cy(un)’le ~ 47} dv.
Eq.7

The evaluation of this integral for spherical geometry is outlined in
the appendix and explicit formulas are presented for the absorbed
fraction as a function of distance from the center within and
outside of spheres containing uniform distributions of activity.

Beta Particles
According to the MIRD schema (13,18), the absorbed-dose
rate for beta particles may be written in the form

Dg(r) = AAD(r), Eq.8

where A is the source activity and A = ngE,, (ng is the number of
beta particles per nuclear transformation and E,, is the weighted
average beta particle energy). The quantity ®g(r) is the point
isotropic specific absorbed fraction for beta particles. The ab-
sorbed-dose distributions for beta particles in Berger’s tables (14)
were compiled in terms of a scaled absorbed-dose distribution
function, F4(£), that is a function of the ratio £ = r/rgg. The relation
between Fg(£) and ®(r) is given by

Fp(é)reg = 4mprdg(r). Eq.9
From Equations 8 and 9 and the results in Leichner et al. (11), it
follows that the beta particle dose rate may also be written as
Fg(£)reo G(r)
4mpr* B 4mpr*’ Eq. 10
In (11) it was shown that the ratio Fg(£)/ro, for beta particles was
accurately represented by the function
G(r) = Gofe ™ *" + [dy(w'r) + dy /1) + dy(u'r)’le ~ 4",
Eq. 11
where d, to d, are fitting coefficients which were obtained from a
least-squares fit, and u' is the apparent absorption coefficient for
beta particles (3). In Equation 11, the quantity G, is defined by
Go = G(r = 0) = F(0)/rop- Eq. 12

For a volume source of beta particles, the absorbed dose rate may
be written in the form

Dy(r) = AA

Dp(f) = CA¢p(l')a Eq. 13

where ¢g(r) is the absorbed fraction for beta particles. From
Equations 6, 10 and 11 it follows that the absorbed fraction may be
calculated from
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TABLE 1
Numerical Values of the Fitting Coefficients c,, ¢,, ¢; and ¢, for Photons

Energy

(MeV) ¢ c (8 Ca
0.015 0.247 -0.0298 0.00321 0.146
0.02 0552 -0.0515 0.00631 0.135
0.03 1.32 0.00100 0.00297 0.0496
0.04 248 0.114 0.00142 0.000685
0.05 283 0.632 0.00662 0.000688
0.06 268 112 0.0365 0.000701
0.08 240 121 0.152 0.000728
0.10 228 0979 0215 0.000732
0.15 1.72 0.763 0.184 0.000782
0.20 158 0.602 0.128 0.00200
0.30 122 0.564 0.0539 0.00120
0.40 1.16 0.502 0.0208 0.00559
050 107 0.409 0.00964 0.00561
0.60 1.10 0.328 0.0131 0.0201
0.80 1.05 0.254 0.0140 0.0429
1.00 0.960 0.193 0.0152 0.0560
1.50 0821 0.122 0.00775 00613
2.00 0.809 0.0786 0.00749 0.0716
3.00 0.745 0.0371 0.00596 0.0785

—-u'r
$5=Go I T 1+ D) + '

+dy(u'rPle " @-DeTr 4y, Eq. 14

The integrands in Equations 7 and 14 are of the same functional
form. Therefore, the evaluation of these integrals is the same for
photons as it is for beta particles.

RESULTS

Photons

Values of the fitting coefficients c, to c, obtained from a
least-squares fit of the expression for B,,(ur) in Equation 4
to the tabulated values (13) are summarized in Table 1 for
photon energies ranging from 0.015 to 3 MeV. As discussed
by Berger (13), the energy grid is fine enough for interpo-
lation to other source energies. For E = 0.03 MeV differ-
ences between tabulated and fitted values of B (ur) were
less than 5% (range 0.05%-4.8%) for all ur. Values of
B, (ur) for the two lowest photon energies, 0.015 and 0.02
MeV, in Berger’s (13) tables tend to oscillate at large
distances from the source (ur = 13). This may due to
roundoff in the calculations or to oscillations in the poly-
nomial representation (23). At these two lowest photon
energies, the maximum difference was 15% for ur = 13. As
discussed in (/3), at large distances from the point source
the dose rate is low and small oscillations in B, (ur) are
without practical consequence. At smaller distances, the
percent differences were in the same range as those for
higher energies (=0.03 MeV). This is depicted in Figure 1
for photon energies of 0.015, 0.03 and 0.5 MeV.

Analytical calculations of absorbed fractions for spheri-
cal volume sources of photons are outlined in the Appendix
by integration of Equation 7. In these calculations it is
assumed that the activity is uniformly distributed within
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the sphere and that the spherical source is inside an ab-
sorber of the same density and composition. The dimen-
sions of the absorber are assumed to be large in compari-
son with the mean free path of photons. To test the
analytical approach employed in this work, a comparison
was made with the results of Monte Carlo calculations for
spherical geometry. Brownell et al. (19) have employed
Monte Carlo calculations to obtain absorbed fractions for
central point sources in large unit-density spheres ranging
in mass from 2 to 200 kg. The corresponding radii range
from 7.82 to 36.3 cm.

Ellett and Humes (22) used a combination of Monte

100 |

e.o.s&

B, (1)

10¢F

'E = 0015 M.xi

VWV Vv VYY

10 20

DISTANCE (ur) FROM POINT SOURCE

FIGURE 1. Comparison of Berger's values of B,,(ur) for initial
photon energies of 0.015 (triangles), 0.03 (squares) and 0.5 (circles)
MeV and calculations according to Equation 4. For E = 0.03 MeV,
differences between tabulated and fitted values ranged from 0.05%
to 4.8%. For the two lowest initial photon energies (0.015 and 0.02
MeV), tabulated values oscillate for ur = 13. For these values of ur
the maximum percent difference was 15%. At smaller distances, the
percent differences are in the same range as for the higher energies.
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FIGURE 2. Comparison of Monte Carlo calculations of the ab-
sorbed fraction in the center of spherical source volumes and com-

putations according to Equations A22 to A25. The initial photon
energies are indicated in the figure. The radii of the spheres range
from 0.62 to 36.3 cm. For unit density, the comresponding masses
range from 0.001 to 200 kg. Circles are from Table 3 in (22) and
squares from Table 5 in (29). Values of the coefficients required for
the calculations were obtained by graphical interpolation of the data
in Table 1. This yielded: ¢, = 1.06, ¢, = 0.276, c; = 0.0123, ¢, =
0.0283. Values of 1 and u,,, in (22) were used in calculations.

Carlo and analytical techniques to determine the absorbed
fraction for central point sources in small unit-density
spheres with radii ranging from 0.62 to 4.92 cm. These
results are summarized in Figure 2 for 0.03-MeV and 0.662-
MeV photons and compared with analytical calculations
based on Equations AS and A22-A2S in the Appendix. The
photon energies in Figure 2 were chosen for display be-
cause 0.03 MeV was the lowest energy considered by Ellett
and Humes (22) and 0.662 MeV would appear to be an
upper limit to photon energies that are of interest in nuclear
medicine dosimetry. The agreement between Monte Carlo
calculations and the analytical approach at other photon
energies is equally good. These results validate the func-
tional form of B,,(ur) in Equation 4 and the derivations in
the appendix.

The variation of the absorbed fraction for photon ener-
gies of 0.015 and 0.02 MeV as a function of radius in the
range from 0.1 to 10 cm is shown in Figure 3. For both
energies, the absorbed fractions in the center and on the
surface were plotted because these two values represent
the maximum variation in absorbed fraction for each spher-
ical radius. For 0.015-MeV photons, the absorbed fraction
in the center of the sphere is close to its maximum value of
unity for spheres with a radius of 22 cm; the corresponding
radius for 0.02-MeV photons is about 5 cm. If the radius is
sufficiently large such that the absorbed fraction in the
center is close to unity, then the absorbed fraction on the
surface is approximately 65% of that in the center. For
small spheres, the absorbed fraction on the surface is about
50% of that in the center. Absorbed fractions for 0.03- and
0.5-MeV photons and radii ranging from 0.1 to 40 cm are
presented in Figure 4. At these higher energies, the ab-
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FIGURE 3. Variation of the absorbed fraction in the center (solid
lines) and on the surface (dashed lines) of spheres as a function of
radius for initial photon energies of 0.015 and 0.02 MeV. The center-
to-surface variation in absorbed fraction is the same as the center-
to-surface absorbed-dose gradient.

sorbed fraction in the center approaches unity at radii of
about 10 cm and 40 cm for 0.03- and 0.5-MeV photons,
respectively. The range of photon energies in Figures 3 and
4 includes many that are of interest in nuclear medicine
dosimetry. Additional curves can be generated from the
data in Table 1 and by interpolation.

Figure 5 shows the variation of the absorbed fraction as
a function of distance from the center of a spherical source
with a radius of 5 cm and photon energies ranging from
0.015 to 0.3 MeV. For this source radius and photon ener-
gies, the variation is small in the interior. However, the
absorbed fraction decreases exponentially near the bound-
ary and outside the spherical source volume. Absorbed-
dose rates for the same photon energies and radius are
depicted in Figure 6. In this figure, the activity concentra-
tion was taken to be the same for each photon energy so
that the relative magnitudes of the absorbed-dose rates

1
- - -
7 A
& -~ -
rd -
5 o1t s -
é g 7 0.03 MeV
4 o
/’/, ¢
,I /"
- .-
001 -7 o 4
'/
L 0.5 MeV
"/"
'/
0.001 . -
0.1 1 10 )

RADIUS (cm)

FIGURE 4. Variation of the absorbed fraction in the center (solid
lines) and on the surface (dashed lines) of spheres with radii ranging
from 0.1 to 40 cm. The initial photon energies are 0.03 and 0.5 MeV.
For 0.5 MeV photons, the absorbed fraction in the center ap-
proaches unity for a radius of about 40 cm.
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FIGURE 5. The absorbed fraction as a function of distance from
the center of a sphere with a radius of 5 cm. The absorbed fractions
are nearty constant in the interior of the sphere but decrease expo-
nentially near the surface and on the outside of the sphere. The initial

photon energies are indicated in the figure.

depend only on photon energy and the variation of the
absorbed fraction as a function of distance from the center
of the sphere.

Beta Particles

According to Equation 14, calculations of the absorbed
fraction for beta particles require a knowledge of the ab-
sorption coefficient »'. A compilation of attenuation coef-
ficients for 14 beta particle point sources in a tissue-equiv-
alent medium (24) was used to determine the energy
dependence of u'. The energies of the point sources ranged
from 0.0057 MeV (*H) to 1.43 MeV (*®Rh). These data and
a nonlinear least-squares fit are displayed in Figure 7. The
energy dependence of the absorption coefficient was deter-
mined to be

g 1
g _003MeV
& 0.015 MeV
[
-3 \
g 0.1 X
\
‘\
Radius = 5 cm \‘
\
\\
A}
0.01 n
0.1 1 10

DISTANCE (cm) FROM CENTER

FIGURE 6. Absorbed-dose rates as a function of distance from
the center of the same sphere and initial photon energies as in
Figure 5. The concentration of activity within the sphere is the same
for each photon energy. Under these conditions, the relative mag-
nitude of absorbed-dose rate depends only on energy. Conse-
quently, 0.3-MeV photons will provide the higher dose rate in spite of
having the smallest absorbed fraction (Fig. 5).
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FIGURE 7. Energy dependence of the absorption coefficient u.'.
Circles represent the data in (24). The line represents caiculations
based on Equation 15.

u' =0474E 2 +580EL"®.  Eq.15

This formula is simpler than one previously used (3) and,
as shown in Figure 7, provides a good fit over the entire
energy range.

The fitting coefficients d, to d, for eight selected radio-
nuclides, obtained from a nonlinear least-squares fit of
Equation 11 to tabulated point-source data (I4), are sum-
marized in Table 2. These radionuclides were chosen be-
cause they are of interest in radionuclide therapy
(6,7,10,16,17) and radiobiology (25,26) and because they
span a wide range of energies. For completeness, values of
the corresponding absorption coefficients are included in
this table. It was shown by Leichner et al. (11) that the
fitting coefficients in Table 2 yield excellent agreement with
tabulated point source data (I4) over the entire energy
range and for a wide range of distances from point sources.
Additionally, it was shown (/1) that absorbed dose-rate
calculations based on the function G(r) were in agreement
with available results (9) for beta particles. Fitting coeffi-
cients in Equation 11 for additional radionuclides can be
computed from tabulated point-source kemels (12, 14).

As the integrands in Equation 7 and 14 are of the same
functional form, the formulas derived for photons in the
Appendix can be applied to beta particles by making the
simple substitutions given.

It has been demonstrated in some experimental (27) and
human studies (28) that the administration of *°Y-labeled
antibodies leads to improved tumor responses as compared
to the treatment of the same tumors with the same anti-
bodies but labeled with '!I. This may be due to greater
initial absorbed-dose rates and more uniform absorbed-
dose distributions achieved with *°Y than '*'I beta parti-
cles. However, for sufficiently small tumors, the absorbed
fraction of *°Y beta particles will be smaller than that of '*'I
beta particles because of the lower energy of the latter. The
methodology presented in this work permits analytical cal-
culations of the tumor volume for which absorbed-dose
rates from high-energy beta particles become equal to
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TABLE 2
Numerical Values of the Fitting Coefficients d,, d,, d;, d, and Absomtion Coefficients for Selected Beta Particle Emitters

”'/

Radionuciide d, d; ds d, (cm?/g)
*H 0.581 -0.258 0.240 1.36 15,000
“c —-0.585 0.722 0.0 1.36 340
*s -1.03 0.734 0.0 1.43 300
¥y -1.12 1.09 0.0 144 40
MAg -0.564 1.38 0.0 145 18

z2p 1.00 0.350 1.49 1.66 9.2

oy 0.684 0.114 1.38 1.59 6.6

1%R_h 1.01 0.490 1.40 1.61 42

those from low-energy beta particles. At and below this
volume, high-energy beta particles provide no dose-rate
advantage over low-energy beta particles. This is demon-
strated in Figure 8 which shows absorbed-dose rate curves
for Y and 3'I beta particles at the center of spheres with
radii ranging from 0.01 to 1 cm. The two curves intersect at
0.08 cm. For this radius, the absorbed fraction of *°Y beta
particles is sufficiently smaller than that of 3'I beta parti-
cles for the absorbed-dose rates inside the sphere to be-
come equal. This result is consistent with semi-quantitative
conclusions based on numerical methods (17).

Noninvasively detectable tumors are, in general, consid-
erably larger than those just discussed. For these tumors,
high-energy beta particles can offer considerable dose-rate
advantages over low-energy beta particles. If the beta par-
ticle energy is completely absorbed in the interior of a
tumor, which is generally the case for tumors with a radius
of 0.5 cm or greater, the ratio of absorbed-dose rates is
equal to the ratio of beta particle energies. For example, for
equal activity concentrations, the absorbed-dose rate from
%Y beta particles in the interior of such a tumor would be
about five times that from '3'I beta particles.

The formulas for absorbed fractions of spherical source

volumes may also be applied to obtain absorbed-dose es-
timates on the cellular and subcellular levels. For example,
the cell nucleus has been modeled as a sphere with a radius
of 4 to 5 um to obtain absorbed-dose estimates for tritiated
thymidine assumed to be uniformly incorporated in the
nucleus (25,26). There has been considerable discussion
(26) about the uniformity of the absorbed-dose distribution
in this model. The results in Figure 9 demonstrate that the
absorbed fraction of tritum (*H) is maximum (unity)
throughout most of the nucleus and decreases to 0.5 on the
surface. Consequently, the absorbed dose in this model
will be uniform throughout most of the nucleus.

DISCUSSION

The results presented in this article have shown that
tabulated absorbed-dose distributions around point
sources of photons (/3) and beta particles (14) in water can
be represented analytically by relatively simple functions.
Moreover, the point-source functions for photons and beta
particles have the same radial dependence on distance
from a point source. Consequently, calculations of ab-
sorbed-dose rate and dose can be made in a unified manner
for photons and beta particles. The formulas for absorbed

-
(=]

ABSORBED DOSE RATE (arbitrary units)

0.1 -
0.01 0.1 1

RADIUS (cm)

Radius = 5 um

ABSORBED FRACTION
o
o

(o3
1)

0.1 s R N "
0.1 0.2 05 1 2 5

DISTANCE (um) FROM CENTER OF SPHERE

FIGURE 8. Absorbed-dose rates for '*'l and Y beta particles in
the center of spheres with radii ranging from 0.01 to 1 cm. The
concentration of 'l and 2°Y inside the spheres is taken to be the
same. Due to the difference in beta particle energies of these radi-
onuclides, the curves intersect at a radius of 0.08 cm.
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FIGURE 9. Variation in the absorbed fraction for 3H inside a cell
nucleus, modeled as a sphere of radius um. The absorbed fraction
is at its maximum value of 1 throughout most of the nucleus. There-
fore, the absorbed-dose rate will be constant for most of this model
nucleus.
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fractions were evaluated explicitly for spherical geometry
to determine absorbed dose rates as a function of distance
from the center within and outside of spherical source
volumes. As shown in the Appendix, a unified approach to
photon and beta particle dosimetry provides considerable
calculational advantages because only a few parameters
need to be changed in applying formulas to both photons
and beta particles. This should prove particularly useful for
tumor dosimetry in radionuclide therapy. Additionally, the
solutions presented in the Appendix can be used to calcu-
late absorbed dose rates for any finite volume, including
those that are of interest in radiobiological investigations.

Absorbed fractions for photons have usually been ex-
pressed as a simple ratio of the photon energy absorbed by
the target-to-the photon energy emitted by the source.
Therefore, it was possible to only compare the analytical
solution for the absorbed fraction at the center of spheres
with Monte Carlo calculations (19,22). The agreement be-
tween the two methods of calculation (Fig. 2) has validated
the approach used in this study, consistent with the dose
reciprocity theorem (3). The dose reciprocity theorem
states that the absorbed dose at a point due to a uniform
distribution of activity equals the mean absorbed dose in
this volume due to the same activity concentrated at that
point. Hence, the absorbed fraction in the center of a
sphere containing a uniform distribution of activity is equal
to the absorbed fraction for a central point source in that
sphere.

The results have also demonstrated (Figs. 3-6) that there
are absorbed-dose gradients in going from the center of a
spherical source to the surface. Consequently, the ab-
sorbed fractions for photons are more than simple ratios,
and the variation of the absorbed fraction as a function of
distance from the center should be included in absorbed-
dose calculations. Absorbed-dose gradients have not been
taken into account in available tables of S factors (30). It is
currently not known how much of an effect on absorbed-
dose calculations such gradients would have for various
source-and-target configurations.

The advantage of point-source functions and analytical
solutions of dosimetry problems is that calculations can be
made rapidly and without approximation. All of the numer-
ical results presented in Figures 1-9 were obtained on a
personal computer. Of course, analytical solutions are pos-
sible for only a few geometries such as spheres, cylinders,
line and plane sources (1-6,8,9,11). For irregular volumes
and nonuniform activity distributions, numerical methods
need to be employed (7,17).

The results for beta particles presented in this article
demonstrate explicitly that the MIRD schema (18) is not
limited to macrodosimetry and that model calculations can
be made for any finite volume, including the cell nucleus.
Moreover, the analytical point-source function technique
developed in this article is not limited to beta emitters in
Berger’s tables (14). The same method of analysis can be
applied to other publications on absorbed-dose distribu-
tions for beta particles (12,31).

Photon and Beta Particie Dosimetry ® Leichner

APPENDIX

The purpose of this appendix is to outline the derivation of
formulas for absorbed fractions for spherical geometry.

Photons
According to Equation 7, for photons this requires an evalua-
tion of the integral
e M

b=t o {1 + [ey(pr) + ciur? + cy(ur)’le ~“#'} dV.

Eq. Al
The geometry is well understood (1,5,25,26) and depicted in Fig-
ure 10. The absorbed dose is to be calculated at a point P located
at a distance b from the center of a sphere of radius a. Figure 10
shows geometric configurations for P outside and inside the
sphere. The volume elements inside and outside the sphere are
defined as follows:

Inside

dV=4nPdr Osrsa-b Eq. A2
dV=(mb)a’-(b-r’ldr a-b<rsa+b Eq.A3
and outside

dV=(mthb)a’-(b-r’ldr asb. Eq. A4

To make the derivation more tractable, Equation Al is divided
into four parts:

3
¢=I‘a|2¢i Eq. AS
i=0
with
e M
¢°=I4ﬂ2 v, Eq. A6
e~ Cur
¢|=Jm'cn(ur) dv, Eq. A7
e " CKr
¢z=[4m2 cAur? v, Eq. A8

FIGURE 10. Notation used
in the definition of volume ele-
ments dV and the derivation of

point P which is at a distance b
from the center of a sphere of
radius a (a and b depict the
configurations with p outside
and inside the sphere, respec-
tively).
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-cpr

ca(ur)’ dV.

e
¢3=I

yp Eq. A9

In Equations A7 to A9, ¢ = 1 + c,. For additional tractability and
consistent with the volume elements defined above, it is useful to
distinguish between the absorbed fraction inside and outside the
sphere. From Equations A2, A3 and A6 it follows that the expres-
sion for ¢, inside the sphere involves integrals of the type

a-be” Hf 1 a+b[a - —l’)Z]
+— e Hrdr. . A10
L r dr 4b b r Eq
This requires the evaluation of an integral of the form
a+be Hf w e Mf w e M
I dr=j dr - dr. Egq. All
b T a-b T atb T
It has been shown (1,5,11) that
f' e M dr=Efua-b),  EqAI2
a-b

where E, is the exponential integral (29). Hence, Equation All
becomes

n+be-'"
I — dr = Ej[u(a~ b))~ Eifu(e + b)) Eq. A13

a-b

In numerical computations, Formulas 5.1.53 and 5.1.54 in (29) are
useful. The remaining integrals in Equations A6-A9 are integrable
in closed form using standard formulas. After rearranging and
simplifying terms, the following expression is obtained for ¢,
inside the sphere, ¢y(ins):

lins) = 4%%{““" +[1+p@-b)k ¥V~ [1+p@+b)

2 _
.e-u(-—b>}+"

b2
{Eilu(a — b)) - Ey[u(a + b)} Eq. Al4

This result is consistent with previous work (1,5). The remaining
terms for the absorbed fraction inside the sphere are:

¢,(ins) = 21):;“2 {2cpub + (1 + cpa)e” cu@a+b) _ o —cula- b)]},
Eq. Al5
¢(ins) = 4 5 {dcpub + [pa(a + b) + cp(3a + b) + 3]

e~k +D) _ 12 %a(a — b) + cu(3a — b) + 3} T K P),
Eq. A16

&(ins) = % {12cub + [Ppa(a + b + FuX5a® + b?
"
+ 6ab) + 6cu(2a + b) + 12Je ~ 4@+ _[3,,%3(a — b)?

+ t';z[d,z(Sa2 + b2 — 6ab) + 6cp(2a — b) + 12]e-¢“(l-b)}.
Eq. Al17
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The photon absorbed fraction inside the sphere as a function of
the distance b from the center is obtained by summing over the
last four equations and multiplying by u., as indicated in Equation
AS.

Evaluation of the integrals for the absorbed fraction outside the
sphere proceeds in the same manner as inside, with limits of
integration ranging from b — a to b + a (26). The results are:

1 - ubd+a)
¢o(0“t)=m{ll—u(b—a)]e s

b2

(- a0 4 2

{Es[n(d — a)] - Ej[(b + a)]}, Eq. A18
¢1(out) = M;;I# [ + cpa)e ~*®+® _ (1 — cpa)e ~+C -,
Eq. A19

@out) = {[czu a(a + b) + cu(3a + b) + 3} ~#E+D)

-[czp.za(a—-b)+cp.(b—3a)+3]e'°“(""’}, Eq. A20
) 3 2c,2
= b)? + Zu¥(5a% + b* + 6ab
&5(out) B {uala + b + u*(5a% + b? + 6ab)

+ 6cp(2a + b) + 12)e ~ 0~ [ — Splab - af

+ (:zitz(Sa2 + b2 — 6ab) + 6¢cu(b — 2a) + 12]e ~cul - .)}.
Eq. A21

The photon absorbed fraction outside the sphere is obtained by
carrying out the summation indicated in Equation AS.

In special cases, the formulas for absorbed fractions simplify
considerably. The absorbed fraction at the center of a sphere is
obtained from Equations A14-A17 by taking the limit as b ap-
proaches zero. This leads to the following relations:

$olcent) =%(1 —e™HY), Eq. A2

é1(cent) = c‘;—; [1-(1+cpaje™*, Eq. A2

éa(cent) = c,—t 2 - [lcpal? + 2Acpa + e~ 4,
Eq. A24

$(cent) = —— {6 [6 + cua(c*u’a® + 3cua + 6)f ~ 4%}
Eq. A25

As the radius a goes to zero, the last four equations correctly go
to zero. The photon absorbed fraction in the center is obtained by
substituting the last four equations in Equation AS.

The absorbed fraction on the surface of a sphere is obtained
from Equations A14-A17 or A18-A21 by setting a = b. This
yields
(e 28 4 2pa—1),

bolsurf) =7 Eq. A26
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¢, (surf) = 2,;;28 [(1 + cpa)e ™ *** + cpa - 1],

Eq. A27

¥/]
2ctu Za

[2cpa - 3 + (2c%u%a? + dcpa + 3)e ~ X+9),
Eq. A28

@(surf) =

2
$sur) = ?3,?2; {cua —2+ [5 (cua)’

+ 2cpa)® + 3cpa + 2]e' k“']. Eq. A29

Beta Particles
From Equations 14 and AS it follows that the absorbed frac-
tions for beta particles may be written as

3
$5=Go 2, 5’ Eq. A30

k=0

with

69 = * v
P 4t

o0 = °—d“”d( 1) dV.
B 41"_2 S\ 23 ’

—dep’

$?=[2 rdz(’)de A33

B — 41,12 HT ’ EQ-
—deu'r

o_ [

% I 4t
From Equations A6-A9 and A31-A34 it follows that the expres-
sions given above for the photon absorbed fractions within, out-
side, in the center, and on the surface of a sphere may be applied
directly to beta particles provided that the following substitutions
are made: p — p' (u is replaced by p'), p, = Go, ¢, > dy, ¢, =
dy, c; > dyandc > d,.

dy(u'r)® dV. Eq. A34
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