
The transfer function describing spatial reso
lution characteristics of a focused collimator
used in conventional scanning can be described
by the weighted sum of three terms representing
contributions of geometrically collimated, pene
trating, and scattered radiation. The present
work has shown that the geometric component
of the transfer function of a single-hole or multi
hole focused collimator with round holes packed
in an hexagonal array can be expressed in the
form of a rather simple equation involving
trigonometric functions, first-order Bessel func
tions, and the physical dimensions of the colli
mator. This expression is applicable for any
collimator-to-source distance and takes into ac

count the directional dependence of geometric
resolution due to hole-packing geometry. Fou
rier transformation of line spread functions
measured using a thin-walled line source of 1257
in air, in which case scatter and septal penetra
tion can be neglected, has shown that the pre
dicted transfer functions are accurate to within
a few percent over a broad range of spatial fre
quencies and collimator-to-source distances.
Thus the theoretical approach appears to pro
vide a powerful tool for the designing of focused
collimators.

The transfer function of a radiation detector col
limator can be described by a linear combination of
terms representing geometric unsharpness due to the
finite solid angle of acceptance of any hole, penetra
tion unsharpness due to transmission of gamma pho
tons through the collimator septa, and scatter un
sharpness due to detection of any X or gamma
photons scattered in the radioactive source or sur
rounding medium (1 ) . The observed collimator
transfer function S(@) can be written as

S(v) = [Sg(v) + f@. S@(v) + f8 - S,,(@)]/

(1+f@+f,) (1)

In this expression the terms Sg(v), S@(v), and S,(@) rep
resent normalized one-dimensionalFourier transforms
of the line spread functions (or two-dimensional Fou
ncr transforms of the point spread functions) due,
respectively, to primary photons reaching the detec
tor from the geometric field of view, primary photons
penetrating the collimator septa, and any photons
reaching the detector after scattering in the source

or medium surrounding the source. The terms f@and
fs represent ratios of the number of penetrating psi

mary photons and any scattered photons detected,
respectively, to the number of detected geometrically
accepted photons. The geometric component, Sg(v),
is equivalent to the coffimator transfer function oh
served in the absence of penetration and scatter; this
situation can be realized by imaging a thin-walled
source in air using an isotope that emits photons of
energy sufficiently low so that septal penetration is
negligible.

In this paper we show that the geometric com
ponent of the transfer function of a single-hole or
multihole focused collimator can be expressed rather
simply in closed form.

SOURCE IN FOCAL PLANE

For sources in the focal plane, the point spread
function describing geometric unsharpness of a sin
gle-hole focused collimator with circular apertures is
proportional to the fractional area overlap of two
disks, each with diameter equal to that of the hole
aperture in the collimator back plane, when the cen
ters of the disks are separated by a distance equal
to [collimator length] X [distance of point source
from central axis]/[focal length] (2). Equivalently,
the fractional overlap can be expressed as that of
two disks, each with diameter equal to the radius of
view of the hole in the focal plane, when the centers
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Of the disks are displaced a distance equal to the
distance of a point source from the collimator axis.

Since a transfer function is proportional to the
two-dimensional Fourier transform of the cone
sponding point spread function and the fractional
overlap of two disks of diameter B can be expressed
in terms of the center separation distance p by the
convolution of two functions b(x,y)

C(p) = If b(x â€”p,y) b(x,y) dxdy (2)
-@

b(x,y)=1 if V(x2+y2)@B/2

=0 if V(x2+y2)>B/2
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where

(3)

and since the Fourier transform of the convolution
of two functions is given by the product of the trans
forms @ofthe two functions, one can see that the
geometric transfer function for a single-focusedcol
limator hole with a source in the focal plane is pro
portional to the square of the two-dimensionalFou
rier transform of the function given in Eq. 3. But
the two-dimensional Fourier transform of the func
tion defined by Eq. 3 is proportional to J1 (rvB)/
,rvBwherev representsspatialfrequency(cycles per
unit length) and the function J1( . . . .) is the first
order Bessel function of the first kind. Thus the
geometric transfer function component for a single
focused collimator hole and for sources in the focal
plane is given by

S@(v) 4 [J1 (@,rvR)/@rvR]2

after normalization to unity at zero spatial frequency
where R = single-hole radius of view. This expres
siOn can be rewritten in terms of the dimensions of
the collimator hole (2) as

Sg(v) = 4 [J1 (2,rrFv/L)/(2@rrFv/L)]2 (5)

in which r is hole radius at the back of the collima
tor, F is collimator face-to-focal plane distance
(focal length), and L is collimator length. Values of
the function J1 (. . . .) are available in tables of func
tions (3) . Referring to Fig. 1 but with the point
source in the focal plane (Z = F) , we remark in
passing that the convolution expression for the point
spread functionâ€”and hence the derived transfer
functionâ€”isrigorouslycorrect only if the photon flux
at any location within a hole in the back plane of the
collimator is independent of point source position in
the focal plane as long as the point source is within
the geometric acceptance â€œwindowâ€•at that location.
This assumption is satisfied if inverse square and
cosine law effects are negligible and hence is satis
fled to a good approximation if

FIG. 1. Geometricrelationshipsamongcollimator-holedimen
sions, point source coordinates,and projection of front-hole aper.
ture onto collimator back plane. Expressionsgiven in text for rd
and d in terms of other parameters shown can be derived using
similar triangle arguments.

[r/L]2[(2F+L)/(F+L)]2@(< 1 (6)

which is the case for practical collimator designs.
The geometric response of a multihole focused col

limator used in conventional scanning is given by
the sum of the geometrical responses of the individual

(4) holes. If all holes are focused on the same point and
if all hole apertures are circular and of the same size,
then one can show that the fieldsof view of all holes
coincide in the focal plane. Thus in this case Eqs. 4
and 5 describe the transfer function corresponding
to geometric unsharpness of the multihole collimator
for sources in the focal plane if the array of holes is
small enough so that a uniformity condition analo
gous to condition 6 is satisfied for the off-axis, slanted
holes. Alternatively, if all holes are focused on the
same point but if all hole cross sectionsperpendicular
to the hole axes are circular and of the same size
at a given distance from the focal point (as is often
the case for practical multihole collimators) , then
again Eqs. 4 and 5 are valid only for a restricted
range of overall diameters of the array of holes since
the fields-of-view of off-axis, sharply slanted holes
are increased for large arrays. In both cases, the
expressions given above should be valid to a good
approximation if the largest distance between hole
centers in the collimator back plane, D@,is small
enough so that

D@2/4(F+L)2<< 1 (7)
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. TABLE 1 . PARAMETERS OF COLLIMATORS STUDIED*

Numberof holes 1 19 37
Length (L) [cm] 10.16 6.75 6.47
Hole radius In back plane (r) [cm] 2.54 0.42 0.40
Focal length (F) (cm] 5.18 10.16 7.62
Holearray type â€” Completehexagonal Completehexagonal
Hole center separation in back plane [cm) â€” 0.953 1.135
Geometric efficiency (cm'] 3.61 X 10@ 3.75 X 10@ 5.41 X iO@

S All collimators are mad. of lead with round hole cross sections perpendicular to hole axes.
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which is the case for most practical multihole focused
collimators and if condition 6 is satisfied for each
hole.

SOURCEOUT OF FOCALPLANE:
SINGLE-HOLE CASE

Using arguments similar to those for the case of
a point source in the focal plane, one can show that,
for the case of a point source not necessarily in the
focal plane, the point spread function describing
geometric unsharpness for a single-hole focused col
limator with circular apertures is proportional to the
fractional overlap or convolution of two disks of
generally unequal diameters. For this more general
case, the appropriate disk diameters are proportional
to the diameter of the back collimator aperture and
to the diameter of the projection of the front colli
mator aperture onto the back collimator plane from
the point source located a distance Z from the col
limator face. One can see from Fig. I that the appro
priate disk diameters are 2r and 2rd = 2rF(L + Z)/
[Z(L + F) 1@respectively,and that the displacement
d between disk centers for a point source displaced
a distance p from the central axis and a distance Z
from the collimator face is given by pL/Z.

Thus the point spread function for a point source
located a distance Z from the collimator face, cx
pressed in terms of point source position p, is pro
portional to the convolution of two disks of diameters
2rZ/L and 2rF(L +Z)/L(L + F). The correspond
ing geometric unsharpness transfer function for a
single tapered hole is given by the product of the
two-dimensional Fourier transforms of the two disks
normalized to unity at zero spatial frequency so that

S5@(v) =

fJ1((2@rrFv/L)[(L + Z)/(L + F)])\
@ (2@rrFv/L)[(L+Z)/(L+F)] ) (8)

(Ji (2@rrZv/L)

â€œ2@rrZv/L
for a source in a plane located a distance Z from
the collimator face. For this more general case, the
constraint for applicability of the convolution ap

I'.
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FIG.2. PredIcted(soUdcurves)andobserved(dottedcurves)
geometrictransfer functionsfor single-holecollimatorstudied.
Whereonlysolidline is shown,predictedand observedcurvesare
graphically indistinguishable.

proach and hence of the transfer function result re
mains that given by condition 6. For sources in the
focal plane, Z = F, and Eq. 8 reduces to Eq. 5.

SOURCE OUT OF FOCAL PLANE:

MULTIHOLE CASE

For the general case of a multihole focused colli
mator viewing a source not in the focal plane, the
fields of view of the individual holes do not coincide,
and thus the field-of-view of the array of holes is
larger than that of any individual hole. In this case,
the geometric response point-spread function of the
array of holes is proportional to an array of geo
metric response point spread functions, each due to
an individual hole.

If the largest distance between hole centers in the
collimator back plane, D@,is small enough so that
condition 7 is satisfied, then the point spread func
tions due to the various holes will be of essentially
the same shape. Thus the point spread function of
the array of holes is proportional to an appropriately
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scaled array of similar point spread functions, each
equal to that due to a single hole. Since an array of
similar functions can be expressed mathematically
by convolution of the function with an array of ap
propriately spaced â€œimpulseâ€•functions, the transfer
function of the array of holes is proportional to the
product of the single-hole transfer function for the
source plane-collimator face distance in question and
the two-dimensional Fourier transform of the appro
priately scaled array of impulse functions.

The normalized two-dimensional Fourier trans
form of a complete hexagonal array of impulse func
tions with (M + I ) points on a side, the points being
spaced a distance s apart, and with a vertex on the
y-axis is given by

1
HM(v,O;s) = [1 + 3M(M + 1)}[cos a â€”COSf3]

. {cos [(M + 1)a] sin [(M + 1)f3]/sin ,@

â€” cos [Ma] Sifl [M/3]/sin@ (9)

â€”cos[(2M+ 1)/3])

with a = @/Tirsvcos9 and@ = @rsvsinOfor 0 .@ 0,

Â±60Â°,or Â±120Â°.For 0 = 0, Â±60Â°,or Â±120Â°,
however, the transform of the array is given by

1
HM(v,O;s) = [1 + 3M(M + 1)1(1 â€”cos (â€˜@/Tir@v)]

. { 1 + M cos [M@T@rsv] (10)

â€” (M + 1 ) cos [(M + 1 ) @/3rsv])

In these expressions, the angle 0 can be interpreted
as the angle with which a line source used to measure
a line spread function intersects a side of the hex
agonal array when the line source passes over the
center of the array and thus it can be restricted to
the range 60Â°@ 0@ 90Â° [i.e., @r/3@ 0@ ir/2
radians]. One can show that expressions 9 and 10
approach unity in the limit as v-@oor s-@o.

Thus the geometric component of the transfer
function of a multihole collimator with holes in a
complete hexagonal array is given by the expression

Sgm.h.(p) = SgS@hâ€¢(v) . HM(v,O;s) (11)

The first term on the right is the single-hole transfer
function given by Eq. 8. The second term on the right
is given by Eq. 9 or 10 in which M is one less than
the number of holes on a side of the border of the
array* and s = [D@(Zâ€”F)]/[2M(L + F)] is the
distance between hole centers (i.e., single-hole point
spread function centers) scaled to the source plane
collimator face distance Z in question. This geo
metric transfer function of the multihole collimator

0 The total number of holes in such a complete hexagonal
array is given by 1 + 3M (M + 1).
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FIG.3. Predicted(solidcurves)andobserved(dottedcurves)
geometric transfer functions for 19-hole collimator studied. Where
only solid line is shown, predicted and observed curves are
graphically indistinguishable. Upper left insets show life source
orientation relative to hexagonal hole-packing geometry. (A) Line
sourceperpendicular to side of hexagonal ring of holes when over
center hole (0 = 90Â°). (B) Line source over vertex of hexagonal
ring of holes when over center hole (0 60Â°).

depends on the orientation angle 9 since the hex
agonal array of hole causes the measured line spread
function to depend in general upon the orientation
of the line source. This angular dependence is usually
small, however, except for sources close to the col
limator face.

COMPARISON WITH EXPERIMENT

The transfer function of a focused collimator can
be measured by using the collimator with a radia
tion detector to scan perpendicular to a line source
of radioactivity, normalizing the resulting relative
radiation intensity data to yield the collimator line
spread function and Fourier transforming the line
spread function using a digital computer (4,5) . If
the measurement is made under conditions for which
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tons from the principal 27.4 and 35-keV lines of the
125! spectrum. Because the mean free path of 35-keV

photons in lead is only about 0.06 mm, the scattered
and septa-penetrating radiation recorded by the de'
tector could be considered to be negligible. Hence,
the measured transfer functions should agree with the
predictions of Eq. 11.

To minimize errors in the measured transfer func
tions due to sampling (6), truncation (7), and statis
tical fluctuations (8) in the measured line spread
function the line-spread function data were sampled
at 0. 127-mm intervals, â€œtailsâ€•of the line spread
function data were observed until the net value fell
to 0. 1% of the maximum net value, and the scanning
speed was adjusted to yield a total of approximately
2 X 10Â°net detected counts for each line spread
function measurement.

Figure 2 shows predicted and observed geometric
transfer functions for the single-hole collimator stud
ied with sources placed against the coffimator face
and at distances of 0.5, 1.0, and 1.5 times the focal
length. Differences between the predicted and oh
served transfer function values are too small to be
demonstrated graphically except with the source
against the collimator face. Since this collimator con
sists of a single round hole, the line spread functions
and hence the transfer functions do not depend upon
line source orientation.

Figures 3 and 4 show predicted and observed geo
metric transfer functions for the 19-hole and 37-hole
coffimators studied, respectively, for two different
orientations of the line source. Although small dif
ferences between the predicted and observed trans
fer functions can be noted in some cases, agreement
is excellent over the range of spatial frequencies and
collimator-to-source distances studied and no trend
toward disagreement is apparent. Because of the cx
perimental precision required for the measurement
of transfer functions to within a few percent, the
small differences observed cannot be clearly ascribed
either to errors in prediction or errors in measure
ment.

DISCUSSION

The approach taken here can be generalized to
include cases in which hole apertures are noncircular
and in which hole arrays are nonhexagonal. For non
circular hole apertures, the function 2J1 (. . .)/(. . .)
can be replaced by the normalized two-dimensional
Fourier transform of the appropriate hole aperture
transmission function. Similarly, for hole arrays other
than complete hexagonal, the function H@1(v,O;s)can
be replaced by the Fourier transform of an appro
priate array of impulse functions.
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FIG.4. Predicted(solidcurves)andobserved(dottedcurves)
geometric transfer functions for 37-hole collimator studied. Where
only solid line is shown,predicted and observed curvesare graphi
cally indistinguishable. Upper left insets show line source orienta
tion relative to hexagonal hole-packing geometry. (A) Line source
perpendicular to side of hexagonal ring of holes when over center
hole (0 = 90Â°).(B) Line source over vertex of hexagonal ring of
holesovercenterhole(0 60Â°).

both scattered and septa-penetrating radiations re
corded by the detector are negligible, then the result
ing transfer function is equivalent to the geometric
component computed above.

Line spread functions and resulting transfer func
tions were measured for the three focused collima
tors described in Table 1 by scanning a 10@cm@long*
thin-walled (polyethylene tube; 0.35 mm i.d. ; 1.05
mm o.d.) line source of 125! in air using a 3-in. diam,
0.5-in. thick NaI(Tl) radiation detector and a 20â€”
50-keV pulse-height window setting to record pho

* Although a 30-cm-long line source is generally recom

mended when scatter and/or penetration are present, we
found the 10-cm-long source to be sufficient for these cx
periments since both scatter and penetration are negligible,
and since the 10-cm-long source covered the geometric
fields of view for the collimators and source-to-collimator
distances studied.
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The excellent agreement between predicted and
measured transfer function geometric components
for the collimators studied suggests that the approach
provides a powerful tool for the designing of focused
collimators.
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